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▸ Cornell group modified and automated an algorithm to 
compute various geometric quantities including 

▸ basis of divisors and their volumes, 

▸ volume of the         , 

▸ Kähler metric,  

▸  … and many 

▸  … many more!

CYTOOLS
DEMIRTAS+ 2018, 2020

KREUZER-SKARKE AXIVERSE

CY3
<latexit sha1_base64="szPXyQyLYbhFP9swB2E1TcoVFKQ=">AAAB+nicdVA7T8MwGHR4lvJKYWQxVEhMUQJIdKzowlgk+kBtFDmu01q1nch2QFXIT2FhACFWfgkb/wanLRLPkyyf7r5PPl+YMKq0675bC4tLyyurpbXy+sbm1rZd2WmrOJWYtHDMYtkNkSKMCtLSVDPSTSRBPGSkE44bhd+5IVLRWFzpSUJ8joaCRhQjbaTArvQ50iPJs8Z1HmT9/ZM8sKuuU3MLwN/Ec6a3WwVzNAP7rT+IccqJ0JghpXqem2g/Q1JTzEhe7qeKJAiP0ZD0DBWIE+Vn0+g5PDTKAEaxNEdoOFW/bmSIKzXhoZksgqqfXiH+5fVSHdX8jIok1UTg2UNRyqCOYdEDHFBJsGYTQxCW1GSFeIQkwtq0VTYlfP4U/k/ax47nOt7labV+Pq+jBPbAATgCHjgDdXABmqAFMLgF9+ARPFl31oP1bL3MRhes+c4u+Abr9QMrrJPt</latexit><latexit sha1_base64="szPXyQyLYbhFP9swB2E1TcoVFKQ=">AAAB+nicdVA7T8MwGHR4lvJKYWQxVEhMUQJIdKzowlgk+kBtFDmu01q1nch2QFXIT2FhACFWfgkb/wanLRLPkyyf7r5PPl+YMKq0675bC4tLyyurpbXy+sbm1rZd2WmrOJWYtHDMYtkNkSKMCtLSVDPSTSRBPGSkE44bhd+5IVLRWFzpSUJ8joaCRhQjbaTArvQ50iPJs8Z1HmT9/ZM8sKuuU3MLwN/Ec6a3WwVzNAP7rT+IccqJ0JghpXqem2g/Q1JTzEhe7qeKJAiP0ZD0DBWIE+Vn0+g5PDTKAEaxNEdoOFW/bmSIKzXhoZksgqqfXiH+5fVSHdX8jIok1UTg2UNRyqCOYdEDHFBJsGYTQxCW1GSFeIQkwtq0VTYlfP4U/k/ax47nOt7labV+Pq+jBPbAATgCHjgDdXABmqAFMLgF9+ARPFl31oP1bL3MRhes+c4u+Abr9QMrrJPt</latexit><latexit sha1_base64="szPXyQyLYbhFP9swB2E1TcoVFKQ=">AAAB+nicdVA7T8MwGHR4lvJKYWQxVEhMUQJIdKzowlgk+kBtFDmu01q1nch2QFXIT2FhACFWfgkb/wanLRLPkyyf7r5PPl+YMKq0675bC4tLyyurpbXy+sbm1rZd2WmrOJWYtHDMYtkNkSKMCtLSVDPSTSRBPGSkE44bhd+5IVLRWFzpSUJ8joaCRhQjbaTArvQ50iPJs8Z1HmT9/ZM8sKuuU3MLwN/Ec6a3WwVzNAP7rT+IccqJ0JghpXqem2g/Q1JTzEhe7qeKJAiP0ZD0DBWIE+Vn0+g5PDTKAEaxNEdoOFW/bmSIKzXhoZksgqqfXiH+5fVSHdX8jIok1UTg2UNRyqCOYdEDHFBJsGYTQxCW1GSFeIQkwtq0VTYlfP4U/k/ax47nOt7labV+Pq+jBPbAATgCHjgDdXABmqAFMLgF9+ARPFl31oP1bL3MRhes+c4u+Abr9QMrrJPt</latexit><latexit sha1_base64="szPXyQyLYbhFP9swB2E1TcoVFKQ=">AAAB+nicdVA7T8MwGHR4lvJKYWQxVEhMUQJIdKzowlgk+kBtFDmu01q1nch2QFXIT2FhACFWfgkb/wanLRLPkyyf7r5PPl+YMKq0675bC4tLyyurpbXy+sbm1rZd2WmrOJWYtHDMYtkNkSKMCtLSVDPSTSRBPGSkE44bhd+5IVLRWFzpSUJ8joaCRhQjbaTArvQ50iPJs8Z1HmT9/ZM8sKuuU3MLwN/Ec6a3WwVzNAP7rT+IccqJ0JghpXqem2g/Q1JTzEhe7qeKJAiP0ZD0DBWIE+Vn0+g5PDTKAEaxNEdoOFW/bmSIKzXhoZksgqqfXiH+5fVSHdX8jIok1UTg2UNRyqCOYdEDHFBJsGYTQxCW1GSFeIQkwtq0VTYlfP4U/k/ax47nOt7labV+Pq+jBPbAATgCHjgDdXABmqAFMLgF9+ARPFl31oP1bL3MRhes+c4u+Abr9QMrrJPt</latexit>

V
<latexit sha1_base64="GJk+McRLXrgcVvPcfGmHrNkjkpg=">AAAB8nicdVDLSgMxFL1TX7W+qi7dBIvgapipgl0W3bisYB8wHUomzbShmWRIMkIZ+hluXCji1q9x59+YaSv4vBByOOde7rknSjnTxvPendLK6tr6RnmzsrW9s7tX3T/oaJkpQttEcql6EdaUM0HbhhlOe6miOIk47UaTq0Lv3lGlmRS3ZprSMMEjwWJGsLFU0E+wGRPM885sUK15bsMrCv0Gvjv/vRosqzWovvWHkmQJFYZwrHXge6kJc6wMI5zOKv1M0xSTCR7RwEKBE6rDfG55hk4sM0SxVPYJg+bs14kcJ1pPk8h2Fhb1T60g/9KCzMSNMGcizQwVZLEozjgyEhX3oyFTlBg+tQATxaxXRMZYYWJsShUbwuel6H/Qqbv+mVu/Oa81L5dxlOEIjuEUfLiAJlxDC9pAQMI9PMKTY5wH59l5WbSWnOXMIXwr5/UDtH2RiA==</latexit>
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K
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subleading cross-terms 
i.e. positive integer linear 
combinations of volumes
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instanton scales —  
extremely hierarchical!

instanton charge matrix —  
          + 4 rows of integers 
inherited from polytope

axions —  
string lattice basis

Ih1,1
<latexit sha1_base64="Xi8GowBzcafvcR9pQ6d6/7PIHtY=">AAAB/XicdVDLSgMxFL1TX7W+xsfOTbAILqTMVMEui250V8E+oB2HTJppQzMPkoxQh8FfceNCEbf+hzv/xkxbweeBkMM595KT48WcSWVZ70Zhbn5hcam4XFpZXVvfMDe3WjJKBKFNEvFIdDwsKWchbSqmOO3EguLA47Ttjc5yv31DhWRReKXGMXUCPAiZzwhWWnLNnV6A1dDz0ovMTYfXqX1oZ5lrlq1KzcqBfhO7MrmtMszQcM23Xj8iSUBDRTiWsmtbsXJSLBQjnGalXiJpjMkID2hX0xAHVDrpJH2G9rXSR34k9AkVmqhfN1IcSDkOPD2ZZ5U/vVz8y+smyq85KQvjRNGQTB/yE45UhPIqUJ8JShQfa4KJYDorIkMsMFG6sJIu4fOn6H/Sqlbso0r18rhcP53VUYRd2IMDsOEE6nAODWgCgVu4h0d4Mu6MB+PZeJmOFozZzjZ8g/H6AXr5lT0=</latexit>
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MINIMA IN THE AXIVERSE

SYSTEMS WITH HOMOGENEOUS 

▸ For                       and              , number of vacua scales like 

▸ What about multiaxion systems derived from string 
geometries? i.e. with large hierarchies

⇤
<latexit sha1_base64="XebgjIaCxkNn6Xaq17qkyQiXxok=">AAAB7nicdVDLSgMxFM3UV62vqks3wSK4GjLT1ra7ohsXLirYB7RDyWQybWgmMyQZoQz9CDcuFHHr97jzb0wfgooeCBzOOZfce/yEM6UR+rBya+sbm1v57cLO7t7+QfHwqKPiVBLaJjGPZc/HinImaFszzWkvkRRHPqddf3I197v3VCoWizs9TagX4ZFgISNYG6k7uDHRAA+LJWS7qNxwXYjsi0oNVRuG1KuVBnKhY6MFSmCF1rD4PghikkZUaMKxUn0HJdrLsNSMcDorDFJFE0wmeET7hgocUeVli3Vn8MwoAQxjaZ7QcKF+n8hwpNQ08k0ywnqsfntz8S+vn+qw7mVMJKmmgiw/ClMOdQznt8OASUo0nxqCiWRmV0jGWGKiTUMFU8LXpfB/0nFtp2y7t5VS83JVRx6cgFNwDhxQA01wDVqgDQiYgAfwBJ6txHq0XqzXZTRnrWaOwQ9Yb598Eo+u</latexit>

KLEBAN+ 2017, 2018,…

P = N + 1
<latexit sha1_base64="1SULffkS0tVAKtg9PiyUulqCdNQ=">AAAB7HicdVDLSsNAFL2pr1pfVZduBosgCCFpBbsRim5cSQXTFtpQJtNJO3QyCTMToYR+gxsXirj1g9z5N07aCj4PDHM4517uvSdIOFPacd6twtLyyupacb20sbm1vVPe3WupOJWEeiTmsewEWFHOBPU005x2EklxFHDaDsaXud++o1KxWNzqSUL9CA8FCxnB2khe8/z6xO2XK45dd3Kg38S1Z79TgQWa/fJbbxCTNKJCE46V6rpOov0MS80Ip9NSL1U0wWSMh7RrqMARVX42W3aKjowyQGEszRMazdSvHRmOlJpEgamMsB6pn14u/uV1Ux3W/YyJJNVUkPmgMOVIxyi/HA2YpETziSGYSGZ2RWSEJSba5FMyIXxeiv4nrart1uzqzWmlcbGIowgHcAjH4MIZNOAKmuABAQb38AhPlrAerGfrZV5asBY9+/AN1usHwnON/w==</latexit>

N � 1
<latexit sha1_base64="kBDw5GI0cm1g+FR8d1jm23TDoN8=">AAAB7XicdVDLSgMxFL1TX7W+qi7dBIvgapipgl0W3biSCvYB7VAyaWYam0mGJCOU0n9w40IRt/6PO//GTFvB54GQwzn3cu89YcqZNp737hSWlldW14rrpY3Nre2d8u5eS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTscXeR++44qzaS4MeOUBgmOBYsYwcZKrateHCO/X654bs3LgX4T3539XgUWaPTLb72BJFlChSEca931vdQEE6wMI5xOS71M0xSTEY5p11KBE6qDyWzbKTqyygBFUtknDJqpXzsmONF6nIS2MsFmqH96ufiX181MVAsmTKSZoYLMB0UZR0ai/HQ0YIoSw8eWYKKY3RWRIVaYGBtQyYbweSn6n7Sqrn/iVq9PK/XzRRxFOIBDOAYfzqAOl9CAJhC4hXt4hCdHOg/Os/MyLy04i559+Abn9QPHEY6b</latexit>
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RM size ofQ
<latexit sha1_base64="WcLMZUaSScFQ6jEFCmZHOMJ4zkQ=">AAAB8nicdVDLSgMxFL3js9ZX1aWbYBFcDTNVsMuiG5ct2AdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2go+L4QczrmXe+6JUs608bx3Z2V1bX1js7RV3t7Z3duvHBx2tMwUoW0iuVS9CGvKmaBtwwynvVRRnEScdqPJdaF376jSTIpbM01pmOCRYDEj2Fgq6CfYjAnmeWs2qFQ9t+4VhX4D353/XhWW1RxU3vpDSbKECkM41jrwvdSEOVaGEU5n5X6maYrJBI9oYKHACdVhPrc8Q6eWGaJYKvuEQXP260SOE62nSWQ7C4v6p1aQf2lBZuJ6mDORZoYKslgUZxwZiYr70ZApSgyfWoCJYtYrImOsMDE2pbIN4fNS9D/o1Fz/3K21LqqNq2UcJTiGEzgDHy6hATfQhDYQkHAPj/DkGOfBeXZeFq0rznLmCL6V8/oBrOSRgw==</latexit>



MINIMA IN THE AXIVERSE

SYSTEMS WITH HIERARCHIES 

▸ In a single axion, 2 instanton example 

▸ Hierarchy is defined as
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MINIMA IN THE AXIVERSE

SYSTEMS WITH HIERARCHIES 

▸ using an irreducible form 

▸ the fundamental domain 

▸ number of vacua
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<latexit sha1_base64="OWZoN+GeHkBBb1VpG7Ky+VCrFDI=">AAACFnicdVDLSsNAFJ3UV62vqEs3g0UQxJJUsboQim5ctmAf0MQymU7aoZNJnJkIJeQr3Pgrblwo4lbc+TdO2go+D8xwOOde7r3HixiVyrLejdzM7Nz8Qn6xsLS8srpmrm80ZRgLTBo4ZKFoe0gSRjlpKKoYaUeCoMBjpOUNzzO/dUOEpCG/VKOIuAHqc+pTjJSWuua+4wuEk+uuneqvnMJTOFFQmnipQzl0AqQGnpfU06u9rlm0ShXLPjmy4W9il6wximCKWtd8c3ohjgPCFWZIyo5tRcpNkFAUM5IWnFiSCOEh6pOOphwFRLrJ+KwU7milB/1Q6McVHKtfOxIUSDkKPF2Z7Sh/epn4l9eJlX/sJpRHsSIcTwb5MYMqhFlGsEcFwYqNNEFYUL0rxAOkU1E6yYIO4fNS+D9plkv2QalcPyxWz6Zx5MEW2Aa7wAYVUAUXoAYaAINbcA8ewZNxZzwYz8bLpDRnTHs2wTcYrx+ztp+7</latexit>
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<latexit sha1_base64="gN8of+saUT5opIVsamdapZ+nGKw=">AAACEXicdVDJSgNBEO2JW4xb1KOXxiBECGEmitFbiBePEcwCmRB6Oj1Jk56esbtGCEN+wYu/4sWDIl69efNv7CyC64OCx3tVVNXzIsE12Pa7lVpYXFpeSa9m1tY3Nrey2zsNHcaKsjoNRahaHtFMcMnqwEGwVqQYCTzBmt7wfOI3b5jSPJRXMIpYJyB9yX1OCRipm827MGBAXC7dKu+37YLrK0KTkhtxt0DGyXXXGU+cw242ZxfLtnN24uDfxCnaU+TQHLVu9s3thTQOmAQqiNZtx46gkxAFnAo2zrixZhGhQ9JnbUMlCZjuJNOPxvjAKD3sh8qUBDxVv04kJNB6FHimMyAw0D+9ifiX147BP+0kXEYxMElni/xYYAjxJB7c44pRECNDCFXc3IrpgJhIwISYMSF8for/J41S0Tkqli6Pc5XqPI402kP7KI8cVEYVdIFqqI4oukX36BE9WXfWg/VsvcxaU9Z8Zhd9g/X6Af8DnSE=</latexit>

Nvacua = a
<latexit sha1_base64="UDLyTDk7xo9if3XQltAK+pcdiok=">AAACBnicdVDJSgNBEO2JWxK3qEcRGoPgKcxEMXoQgl48SQSzQBJCTaeTNOlZ6K4JhiEnL/6KFw+KePUbvPk3dhbB9UHB470qquq5oRQabfvdSszNLywuJVPp5ZXVtfXMxmZFB5FivMwCGaiaC5pL4fMyCpS8FioOnit51e2fj/3qgCstAv8ahyFvetD1RUcwQCO1MjuphgfYYyDjy1GrgfwG4wGwCEb0lEIrk7VzBds5OXLob+Lk7AmyZIZSK/PWaAcs8riPTILWdccOsRmDQsEkH6UbkeYhsD50ed1QHzyum/HkjRHdM0qbdgJlykc6Ub9OxOBpPfRc0zm+Wf/0xuJfXj3CznEzFn4YIffZdFEnkhQDOs6EtoXiDOXQEGBKmFsp64EChia5tAnh81P6P6nkc85BLn91mC2ezeJIkm2yS/aJQwqkSC5IiZQJI7fknjySJ+vOerCerZdpa8KazWyRb7BePwBHkZkE</latexit>



MINIMA IN THE AXIVERSE

SYSTEMS WITH HIERARCHIES 

▸ with multiple axions, fundamental domain (leading) 

▸ single vacuum 

▸ other vacua at edges (outside leading FD)

Fleading =

(
NX

i=1

pi✓̃(i) | pi 2 [0, 1)

)

<latexit sha1_base64="OyGn9faJSH6d/jtIx9Kt4w2vbFY="></latexit>

✓ = 0
<latexit sha1_base64="dCNte/uMExklGbFsnkwhToabl9Q=">AAACAHicdVDLSsNAFJ3UV62vqAsXbgaL4CokVawuhKIblxVsKzShTCbTdujkwcyNUEI2/oobF4q49TPc+TdO2go+DwxzOOde7r3HTwRXYNvvRmlufmFxqbxcWVldW98wN7faKk4lZS0ai1je+EQxwSPWAg6C3SSSkdAXrOOPLgq/c8uk4nF0DeOEeSEZRLzPKQEt9cwd149FoMah/jIXhgxIjs+w3TOrtlW3ndNjB/8mjmVPUEUzNHvmmxvENA1ZBFQQpbqOnYCXEQmcCpZX3FSxhNARGbCuphEJmfKyyQE53tdKgPux1C8CPFG/dmQkVMWOujIkMFQ/vUL8y+um0D/xMh4lKbCITgf1U4EhxkUaOOCSURBjTQiVXO+K6ZBIQkFnVtEhfF6K/yftmuUcWrWro2rjfBZHGe2iPXSAHFRHDXSJmqiFKMrRPXpET8ad8WA8Gy/T0pIx69lG32C8fgDKbZaH</latexit>



MINIMA IN THE AXIVERSE

SYSTEMS WITH HIERARCHIES 

▸ extending to multiple axions, number of vacua is given by 
number of `replica` leading FDs in fully potential

Nvacua =
vol (Ffull)

vol (Fleading)
<latexit sha1_base64="GB56Pb+BDXzU/elo8OTUGSa6vYU="></latexit>



MINIMA IN THE AXIVERSE

AXIVERSE STATISTICS
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CONCLUSIONS AND OUTLOOK

COMPUTING AXIVERSE STATISTICS
▸ Using ju(lia)CY(Tools)Axiverse(calculator) full spectrum 

statistics derived from KS database 

▸ Outputs include vacua (locations and number as 
discussed), masses, decay constants, quartic self-
couplings(?) 

▸ Fully parallelised code — ideal for HPC 

The juCYAxiverse is coming to a cluster near you soon!



THANKS!


